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Thin structuresHere, the effects of localization and propagation of martensitic phase transformation on the response of
SMA thin structures subjected to thermo-mechanical loadings are investigated using nonlocal constitu-
tive model in conjunction with ﬁnite element method. The governing equations are derived based on var-
iational principle considering thermo-mechanical equilibrium and the spatial distribution of the nonlocal
volume fraction of martensite during transformation. The nonlocal volume fraction of martensite is
deﬁned as a weighted average of the local volume fraction of martensite over a domain characterized
by an internal length parameter. The local version of the thermo-mechanical behavior model derived
from micromechanics considers the local volume fraction of martensite and the mean transformation
strain. A 4-noded quadrilateral plane stress element with three degrees of freedom per node accounting
for in-plane displacements and the nonlocal volume fraction of martensite is developed. Numerical sim-
ulations are conducted to bring out the inﬂuence of material and geometrical heterogeneities (perturba-
tions/defects) on the localization and propagation of phase transformation in SMA thin structures. Also, a
sensitivity analysis of the material response due to the localization and the other related model param-
eters is carried out. The detailed investigation done here clearly shows that the localization of phase
transformation has signiﬁcant effect on the response of shape memory alloys.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Shape memory alloys (SMAs) are among functional materials
that are nowadays widely used for designing numerous microsys-
tem applications in various industrial ﬁelds including biomedical,
aeronautic or automotive industries (Bellouard, 2008; Kyung
et al., 2008; Makino et al., 2001; Tabib-Azar et al., 1999; Reynaerts
et al., 1997). The thermo-mechanical behavior exhibits a large
inelastic and reversible strain, induced by forward and reverse
phase transformation of a stable phase at high temperature (aus-
tenite) to a metastable phase at low temperature (martensite),
and/or by reorientation of variants of martensite. These are due
to the super-elasticity induced by the activation/de-activation of
stress oriented martensite under isothermal mechanical loading/
unloading, and the shape memory effect induced by the activationof stress oriented and subsequently self-accommodated martensite
under thermal loading at constant stress state.
The designed SMA microsystems or microcomponents are
etched in SMAs thin ﬁlms to function as actuators for micro-pumps
or micro-valves (Reynaerts et al., 1997; Makino et al., 2001;
Hoxhold and Buttgenbach, 2008; Kyung et al., 2008). They are also
manufactured as thin wires for micro-actuators (Pan and Cho,
2007). The design process of such speciﬁc applications has to con-
sider the localization of phase transformation effect observed in
thin SMAs manufacturing process, in addition to its own behaviors
of thick structures of SMAs (Azadi et al., 2007; He and Sun, 2010;
Shaw and Kyriakides, 1998). The observed localization effect is
somewhat similar to the inﬂuence of plasticity in thin structure
made of conventional material (Fleck et al., 1994).
Experimental characterization of SMA thin ﬁlm and wires
responses reveals the occurrence of instability due to the ther-
mo-mechanical behavior that is not generally observed in the case
of bulk SMAs, thus exhibiting a localization effect of the phase
transformation (Shaw and Kyriakides, 1995; Shaw et al., 2008;
Churchill et al., 2009a, 2010). During forward transformation, an
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of the martensitic nucleation, and then a constant level, character-
izing its propagation in an inclined band in the loading direction.
Similarly, the reverse transformation starts with a stress jump fol-
lowed by a stress plateau during the martensite/austenite phase
transformation and propagation. The measured local strain in the
martensitic band is quite different from those of the macroscopic
strain (Churchill et al., 2009b). The direction of the inclined front
of the martensite band can also rotate in an instable way (Dai
and Cai, 2012). This type of instability generally occurs in SMA thin
ﬁlms, not in thin wires.
The localization of phase transformation as mentioned above
depends on geometrical, (Shaw and Kyriakides, 1997; Cai and
Dai, 2006; He and Sun, 2009a,b; He and Sun, 2010; Dai and Cai,
2012), material, (He and Sun, 2009a), and loading factors, (Feng
and Sun, 2006; He and Sun, 2009c; Dong and Sun, 2012). The inﬂu-
ence of geometric ratios (thickness/width, width/Length and
radius/length) on the localization phenomenon has been studied
by Cai and Dai (2006) and He and Sun (2009a,b, 2010), whereas
the inﬂuence of geometrical defects such as notches, holes or voids
during the phase transformation localization has been investigated
by Levitas et al. (1998), Murasawa et al. (2011), Duval et al. (2011),
Levin et al. (2013) and She et al. (2013). Because of the induced
stress concentration localized around the defect, the phase trans-
formation takes place in a very small area (coalescence) and prop-
agates to outside the disturbed area. The grain sizes and
crystallographic orientations can induce local stress heterogene-
ities, similar to the behavior of geometrically induced stress con-
centrations as brought out by Favier et al. (2007) and Merzouki
et al. (2010). Thin SMA tube under tension load exhibits a phase
transformation localization whereas the same tube shows a diffuse
phase transformation due to torsional loading as highlighted in the
work of Sun and Li (2002). This kind of localization process has to
be taken into account for while modeling the material behavior for
the theoretical design and development of efﬁcient thin structures.
Numerous interesting models are proposed in the literature for
describing the SMAs thermomechanical behavior. They are based
either on a micro-mechanical approach, (Patoor et al., 1996; Huang
and Brinson, 1998; Lu andWeng, 1998; Gao et al., 2000; Thamburaja,
2005), or on a physically-based macroscopic description of the
Gibbs or Helmholtz free energy, (Leclercq and Lexcellent, 1996;
Raniecki and Lexcellent, 1998; Peultier et al., 2006; Popov and
Lagoudas, 2007; Chemisky et al., 2011; Sedlak et al., 2012).
Micromechanics models describe the phase transformation at the
grain scale by considering all possibilities of austenite twinning
(martensite variants). Even though these models account accu-
rately the effects related to phase transformation, they possess a
large number of internal variables making difﬁcult their imple-
mentation in numerical models such as ﬁnite element codes. Mod-
els based on macroscopic description of free energy generally
consider less internal variables; in our case two variables are re-
tained, namely the global volume fraction of martensite and mean
transformation strain tensor as internal variables. The free energy
potential comprises of mechanical, chemical and interaction con-
tributions. The contribution of interface energy is generally ne-
glected. Driving forces associated to both internal variables are
derived from the free energy expression. Although such approach
describes the effect of phase transformation in an averaged way,
it is suitable for a ﬁnite element modeling due to the low number
of internal variables. Some of the existing macroscopic modeling
approaches utilize theory of plasticity (Rio et al., 1995; Bouvet
et al., 2004; Panico and Brinson, 2007; Zaki and Moumni, 2007;
Saint-Sulpice et al., 2009; Arghavani et al., 2010). This approach
considers yield surfaces associated to each internal variable and as-
sumes a normality ﬂow rule for each internal variable evolution. It
has similar characteristics in terms of merits/de-merits as those ofmacroscopic model. Molecular dynamic theory is also proposed by
researchers to investigate such problems. (Ozgen and Adiguzel,
2004; Sato et al., 2008; Uehara et al., 2009; Saitoh and Liu, 2009;
Kastner et al., 2011). These models are also difﬁcult to implement
in ﬁnite element codes because of the large number of internal
variables (unknowns). All these above outlined methods which
are more suitable for predicting the behavior of thick SMA struc-
tures, exhibiting a diffused phase transformation without any mac-
roscopic localization. However, they cannot describe the phase
transformation localization and propagation observed in SMA thin
ﬁlms and wires.
Alternative modeling methodologies are also available in the
literature that resolve those drawbacks and are able to account
for instabilities occurring during phase transformation in SMA thin
ﬁlms and wires. Among them, the models using the Ginzburg–
Landau kinetic equation describe the localization and the propaga-
tion of phase transformation in SMA thin ﬁlms and wires, (He and
Sun, 2009c,a, 2010; Sun and He, 2008). This approach predicts both
the drop and jump of stress state during activation of forward and
reverse transformation respectively, and the propagation of the
phase transformation under quasi-constant stress. Dai et al. pro-
posed a quasi two-dimensional (Dai et al., 2009; Wang and Dai,
2010; Dai and Wang, 2010) and a three-dimensional (Dai and
Cai, 2012) models describing instabilities for stress induced phase
transformation in SMAs strips using a non-convex total elastic
potential energy function. The obtained governing equations were
solved analytically using coupled series and asymptotic expansions
theories according to small parameters such as thickness, width
and strains compared to strip length. The thermodynamic
approach using the Ginzburg–Landau kinetic equation was also
applied to depict the martensite band front motion during a
reorientation process occurring inside grains, and the simulation
results reveal the growing of a given martensite variant to the
detriment of other variants. (Idesman et al., 2005; Levitas et al.,
2010; Cho et al., 2012). This theory was also employed to investi-
gate the inﬂuences of different microscopic defects on martensite
nucleation (She et al., 2013), to describe the interface propagation
and the microstructure evolution during stress-induced phase
transformation (Levitas et al., 1998, 2010; Levin et al., 2013).
Here, a nonlocal model belonging to the alternative approaches,
based on the work of Duval et al. (2011) and implicit gradient
approach employed while studying the nonlocal plasticity and
damage by Peerlings et al. (1998, 2001), Engelen et al. (2003) and
Peerlings et al. (2012), is proposed to study the inﬂuences of local-
ization and propagation of martensitic phase transformation on
the response of SMA thin structures under thermo-mechanical
loads. The nonlocality is brought in the modeling by the introduc-
tion of a new variable as the nonlocal counterpart of a local inter-
nal variable, namely the volume fraction of martensite. The
proposed model is amenable to consider the activation, re-orienta-
tion, and propagation of stress induced or self-accommodatedmar-
tensite. The nonlocal variable at each material point is governed by
a partial differential equation (PDE) deﬁned a priori over the entire
material domain wherein the local variable acts as a source term.
The size of the interaction domain between the material point
and its neighborhood is controlled by an internal length parameter
prevailing in the PDE. It may also be linked to the diffuse interface
thickness as it affects the second gradient diffusion term in the
Helmholtz partial differential equation as seen in Ginzburg–Lan-
dau model. Moreover, the length parameters in our model and in
the Ginzburg–Landau model have quite similar effects and values.
Furthermore, to account the effect of material defects, the yield
transformation force associated to the volume fraction of martens-
ite is modiﬁed as a decreasing function of the nonlocal volume
fraction of martensite. Based on the model described above, a 2D
quadrilateral ﬁnite plane stress element with three degrees of
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nonlocal volume fraction of martensite as third degree of freedom
is developed. This element was implemented in Abaqus via the
User ELement (UEL) subroutine. A detailed numerical study is
made to show the relevance of the proposed extended model. All
the nonlocal models, described above, are restricted to the descrip-
tion of phase transformation localization occurring in the particu-
lar case of superelasticity. In this paper we propose an extended
version of the model that we precedently developed by Duval
et al. (2011). This extended version allows the description of phase
transformation localization in thin SMAs structures subjected to
any thermomechanical loading with uniform temperature. It per-
mits to consider the activation and propagation of stress induced
and/or self accommodated martensites in addition to martensite
reorientation. The present model involves less internal variables
and leads to less computational time compared to the gradient
models using the Ginzburg–Landau rate equation.
The paper is organized as follows: In the next section, the mod-
eling approach, in the sense of local context, is presented along
with some relevant details of the ﬁnite element implementation
of the governing equations in the Abaqus ﬁnite element code.
Third section covers the nonlocal extension of the model, high-
lighting the major changes compared to that of local model. The
fourth section describes the formulation of the 2D four-node spe-
cial ﬁnite element for the nonlocal behavior. The ﬁfth section
includes the numerical simulations of SMA thin plates responses
subjected to a thermo-mechanical loading. The sixth section is
dedicated to the discussion of numerical results. The paper ends
with concluding remarks section which gives also some scope for
further work.
2. Local model of SMA behavior and its implementation in
Abaqus
The 2D ﬁnite element based on a nonlocal SMA constitutive
model. This nonlocal model is derived as an extension of a local
SMA thermo-mechanical behavior model Duval et al. (2011) and
Merzouki et al. (2012). The formulation of the two-dimensional
version and its implementation in Abaqus are brieﬂy described
in this section. The reader can ﬁnd more details about those SMA
behavior laws in the aforementioned references.
In present modelling approach, the effect of phase transforma-
tion in SMA thin structures is described by two internal variables
characterizing the induced inelastic strain in an SMA Representa-
tive Volume Element (RVE) under thermo-mechanical loading.
The ﬁrst variable is a scalar (f) quantifying the volume fraction of
martensite in the RVE. It is deﬁned by the ratio of the martensite
volume (VM) over the total volume (V) of the RVE, f ¼ VM=V . The
second variable is tensorial one (eT) quantifying the average orien-
tation of the induced transformation strain in the RVE. These two
internal variables are limited by the existence and the saturation
of the martensitic transformation in the RVE 0 6 f 6 1 and eTeq

¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2=3ÞeTijeTij
q
6 esatÞ, where esat is a material parameter character-
izing the maximum transformation strain. The macroscopic trans-
formation strain (ET ) on the RVE is expressed as the product of
those two internal variables (ET ¼ feT). This strain is characterized
by the quantity of martensite in the RVE domain and the average
orientation of their induced local strains. This macroscopic trans-
formation strain is accommodated by elastic (Eel) and thermal
(Eth ¼ aDT) strains leading to the total strain (E ¼ Eel þ Eth þ ET ).
a is the thermal expansion tensor and DT is the difference between
the RVE’s and the room’s temperatures. It is worth noting that this
version of the model neglects the effect of accommodation of twins
between martensite variants described in Chemisky et al. (2011)by two additional internal variables, namely, volume fraction of
self-accommodated martensite, f FA, and the mean inelastic strain
related to the accommodation of twins between martensite vari-
ants, etwin.
The governing equations for the thermo-mechanical behavior
are derived from the ﬁrst and second principles of thermodynam-
ics. To this purpose, expressions were assumed for the Gibbs free
energy potential and for dissipation. The following expression for
the thermodynamic potential is obtained considering mechanical,
chemical and potential energies of the RVE (see Chemisky et al.,
2011 for more details):
DG ¼
B T  T0ð Þf  12R : S : R fR : eT  R : aDT
þ 12Hf f 2 þ 12Hef eT : eT þ Cv T  T0ð Þ  T log TT0
h i
:
 ð1Þ
Here, T0 and B are, respectively, the reference temperature and the
material parameter characterizing the evolution of the transforma-
tion yield stress with temperature. S is the fourth order elastic ten-
sor. R is the second order stress tensor. Finally, Hf and He are
material parameters characterizing interactions inside and between
grains of the RVE and Cv is the latent heat coefﬁcient.
Using the expression of the Gibbs free energy in the Clausius–
Duhem inequality leads to the following inequality that highlights
the driving forces associated to the adopted control and internal
variables:
 @DG
@R
: _Rþ @DG
@T
_T þ @DG
@f
_f þ @DG
@eT
: _eT
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
D _G
 E : _R SRVE _T ~q:
~gradT
T
P 0 ð2Þ
or
 @DG
@R
þ E
 
: _R @DG
@f
_f  @DG
@eT
: _eT
 @DG
@T
þ SRVE
 
_T þ~q:
~gradT
T
 !
P 0 ð3Þ
SRVE is the entropy average of martensite and austenite and~q is the
heat ﬂux, both associated to the RVE. Replacing each partial deriv-
ative term in Eq. (3) by using Eq. (1) leads to the following explicit
form of the Clausius–Duhem expression as:
S : Rþ f eT þ aDT  E 	 : _R
þ R : eT  BðT  T0Þ  Hf f  12HeeT : eT
 	 _f
þf R HeeT
 	
: _eT
 Bf  R : a cv log TT0 þ S
RVE
 

_T þ~q: ~gradTT
 

0
BBBBB@
1
CCCCCAP 0 ð4Þ
Eq. (4) yields to the following expressions for the driving forces
associated with the internal and control variables:
FRm ¼ S : Rþ f eT þ aDT  E
Ffm ¼ R : eT  BðT  T0Þ  Hf f  12HeeT : eT
Fem ¼ f R HeeT
 	
FTm ¼ R : aþ cv log TT0  Bf  S
RVE:
8>>><
>>:
ð5Þ
Assuming instantaneously attained the case of thermo-elastic equi-
librium, the driving forces FRm and F
T
m, associated with the control
variables are systematically set to zero. Therefore, the remaining
Clausius–Duhem inequality becomes a function of the internal vari-
ables and temperature, associated to the driving forces and the heat
ﬂux ~q:
Ffm
_f þ Fem : _eT ~q:
~gradT
T
P 0: ð6Þ
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sizes two contributions to the dissipation process (Lemaitre and
Chaboche, 2002). The ﬁrst one is intrinsic or mechanical,
/1 ¼ Ffm _f þ Fem : _eT
 

whereas the second one is thermal,
/2 ¼ ~q:
~gradT
T
 

. The intrinsic dissipation is induced by forward
and reverse martensitic transformations and by reorientation of
martensite variants. These two processes occur in the RVE with a
hysteresis effect. To account for such hysteresis behavior, two yield
forces are introduced leading to the following expressions of the
intrinsic dissipation:
/1 ¼ Ffm _f þ Fem : _eT ¼ Ffyield _f þ fFeyield : _eT : ð7Þ
As the criterion of martensite orientation is tensorial, it will be
replaced by an equivalent scalar condition like in the case of
classical plasticity. The comparison of the equivalent von Mises
orientation driving force Femeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 F
e
m : F
e
m
q 

to a new scalar yield
force leads to the new following expression of Eq. (7):
/1 ¼ Ffm _f þ Femeq _eTeq ¼ Ffyield _f þ fFeyield _eTeq: ð8Þ
The derivation of the ﬁnal governing equations of the thermo-
mechanical behavior of SMAs undergoes further developments con-
sidering the transformation and reorientation saturation processes,
the internal loop effect, asymmetry of maximum transformation
strain, martensite stabilization, etc. These additional developments
are dealt with the work of Chemisky et al. (2011). The proposed
two-dimensional constitutive model is deduced from the three-
dimensional version considering the plane stress conditions. This
leads to modiﬁed expressions of the Gibbs free energy and the Clau-
sius–Duhem inequality. The governing equations are then derived
in the same way as in the three-dimensional case. These behavior
laws are implemented in the ﬁnite element code Abaqus via the
user’s subroutine UMAT.
In the ﬁnite element procedure, for each load increment, the
predicted strain increment, stress and internal variable values at
each integration point of the ﬁnite element are introduced as input
data in the UMAT. The stress and internal variable increments are
then calculated using an iterative approach based on a return-
mapping method coupled with the Newton–Raphson resolution
technique. Values of stress tensor and internal variables are up-
dated and the thermo-mechanical tangent operators (Jacobian)
are calculated. These values correspond to the output data pro-
vided by UMAT to the Abaqus’s main processor in order to solve
the variational equations corresponding to the equilibrium of the
studied structure. The developed approaches are validated for
numerous homogeneous and heterogeneous stress–strain states
and monotonous and complex loading paths. To illustrate the pre-
dictive capability of the model, an example is developed in Results
and discussion section of this paper. Additional examples can be
also found in Chemisky et al. (2011) and Merzouki et al. (2012).
The two-dimensional version of the present thermo-mechanical
model is the basis of the proposed nonlocal extension as described
in the next sections. Unlike in Duval et al. (2011), (obtained mar-
tensite is stress induced limiting the modeling to superelastic
behavior), the new formulation can describe any kind of thermo-
mechanical loads inducing forward and reverse transformations
with self-accommodated, stress induced martensite and reorienta-
tion of martensite variants.
3. Nonlocal SMA model
The nonlocal extension of the SMA thermo-mechanical behav-
ior model described in the previous section is necessary for appro-
priately explaining the SMA thin-structures response in instabilityregion. The latter one reveals itself as the localization and the prop-
agation at a constant stress state of the phase transformation. The
adopted approach is based on the second gradient implicit method,
initially proposed for nonlocal plasticity and damage (see for
instance Peerlings et al., 1998, 2001; Engelen et al., 2003; Peerlings
et al., 2012). The application of this approach to phase transforma-
tion localization is also introduced in Ref. (Duval et al., 2011). Thus,
the main equations are summarized in this section.
In the work of Duval et al. (2011), it is shown that the nonlocal
volume fraction of martensite, f ~xð Þ, at a material point can be de-
ﬁned by the following partial derivative equation obtained as an
approximation of an integral deﬁnition:
f ~xð Þ  l2~r2f ~xð Þ ¼ f ~xð Þ; ð9Þ
where ~r2 is the Laplacian operator. It is worth noting that the local
volume fraction of martensite, f ~xð Þ, acts as a source term in this par-
tial derivative equation and l represents an internal length parame-
ter, which controls the size of the interaction domain between the
material point and its neighborhood as well as the size of localiza-
tion area. Eq. (9) is completed in the sense of a Neumann type con-
dition on the nonlocal volume fraction of martensite at the
boundaries of the studied domain X (~rf ¼~0 on C). This boundary
condition considers that no evolution of the transformation front
is admitted at the domain frontier. Its combination with Eq. (9)
leads to
R
X f ~xð ÞdX ¼
R
X f ~xð ÞdX. This condition also states that the
same quantity of martensite is obtained in the domain X for both
local and nonlocal formulations. It is further important to mention
that unlike the assumption made in Duval et al. (2011), the local
volume fraction of martensite is not necessarily oriented by the
deviatoric stress tensor direction. Its orientation is deﬁned by the
second internal variable of the local behavior model, corresponding
to the mean transformation strain. To account for the softening
process into the nonlocal formulation, the expression of the yield
transformation force associated to the local volume fraction of mar-
tensite variable is modiﬁed. The required expression depending on
forward or reverse phase transformation growth is as follows:
Ffyieldnonlocal ¼ Ffyield exp 
H
f
H
f
þ1 f
 
if _f > 0;
Ffyieldnonlocal ¼ Ffyield exp 
H
f
H
f
þ1 1 f
 
 
if _f < 0;
8>><
>>: ð10Þ
where Hf is a material parameter factor which controls the soften-
ing intensity as a function of the nonlocal volume fraction of mar-
tensite, f . Through the nonlocal formulation, the state of material
point depends not only on its own state, but on its interaction with
its neighborhood as well. This interaction is governed by the ﬁeld
equation, Eq. (9) deﬁned over the entire structure domain whose
unknown is the nonlocal internal variable, f as the scope of the
interaction being controlled by the internal length parameter, l. To
compute the nonlocal unknown, Eq. (9) should be solved in con-
junction with the remaining governing equations (mechanical equi-
librium and thermo-mechanical behavior governing equations). The
ﬁnite element method is a good candidate to solve such complex
problem. Therefore, the development of special ﬁnite element is
thus necessary with the nonlocal internal variable as nodal degree
of freedom in addition to the displacement. The following section
details the formulation of such special ﬁnite element.
4. A special 2D continuum ﬁnite element relied on a nonlocal
SMA behavior model
4.1. Nonlocal governing equations and their corresponding variational
forms
The governing equations of the nonlocal approach are
summarized in Table 1. They consist of the ﬁeld equations (spatial
Table 1
Governing equations and parameters of the proposed model.
 Partial derivative equations to be solved on a given domain X:
f ~xð Þ  l2~r2f ~xð Þ ¼ f ~xð Þ
~r:R ~xð Þ ¼ ~0 by assuming no applied body force
 Corresponding boundary conditions on C (edge of X):
~rf ~xð Þ ¼~0 on C
R:~n ¼ ~Timposed on CR
u ¼ uimposed on Cu
with Cu \ CR ¼ ; and Cu [ CR ¼ C
 Local behavior governing equations
E ¼ Eel þ Eth þ ET ¼ S : Rþ aDT þ feT
Ri3 ¼ 0 for i = 1 to 3 (plane stress assumption with the thin structure
thickness direction is the 3rd direction)
Ffm ¼ R : eT  BðT  T0Þ  Hf f  12HeeT : eT
Fem ¼ f R HeeT
 	
Ffm
  6 Ffyield and Femeq 6 fFeyield
Saturation and internal loop conditions (see Chemisky et al., 2011)
 Model parameters
l: Internal length parameter (mm)
B: Related to the transformation slope in (R; T) digram (MPa/C)
T0: Equilibrium temperature of phase transformation (C)
esat: Maximum transformation strain (generally having a different value
in tension and compression)
Ms and Af : martensite start and austenite ﬁnish temperatures
Ffyield0 (function of transformation temperatures) and F
e
yield: Yield forces for,
respectively, martensitic transformation and reorientation in the local
behavior
Hf and He: Interaction parameters
Hf : Parameter controlling the softening rate
Y and m: Elastic parameters (Young’s modulus and Poisson’s ratio
respectively)
a ¼ ad: Thermal expansion tensor, assumed isotropic
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ditions and the constitutive equations of the local thermo-mechan-
ical behavior. The related model parameters are also presented in
the same Table. To solve themathematical problem given in Table 1
using the ﬁnite element method, the ﬁeld equations should be
rewritten in the variational form.
To derive the variational form, the Galerkin method is applied
over the domain X by assuming the following test functions (vir-
tual admissible ﬁelds)1:
Wu ¼ w!u n w!u 2 C0
h ip
; w!u ¼ 0 where u is prescribed
n o
;
Wf ¼ wf nwf 2 C0
h i
; wf ¼ 0 where f is prescribed
n o
:
ð11Þ
The Galerkin method consists on multiplying the ﬁeld equations by
these corresponding test functions and integrating over the mate-
rial domain, which leads to:Z
X
w!u  r!  R
 

dX ¼ 0 8w!u 2 Wu ð12Þ
andZ
X
wf f  ‘2r2f
 

dX ¼
Z
X
wf f dX 8wf 2 Wf ð13Þ
Integrating by parts and taking into account the boundary condi-
tions (Table 1) and the symmetry of the stress tensor, equations
(12) and (13) yield as:Z
X
rw!u
h iT
: RdX
Z
CR
w!u  T!imposeddC ¼ 0 8w!u 2 Wu ð14Þ1 p is the problem dimension.andZ
X
wf f þ ‘2r
!
wf  r
!
f
 

dX
Z
X
wf f dX ¼ 0 8wf 2 Wf : ð15Þ
It is these equations which are solved by the ﬁnite element method.
The next section develops the corresponding ﬁnite element
procedure.
4.2. Finite element formulation
As per the ﬁnite element procedure, solving Eqs. (14) and (15)
assumes the interpolation of the displacements and the nonlocal
volume fraction of martensite ﬁelds in the special ﬁnite element
as functions of the corresponding nodal unknowns. The desired ﬁ-
nite element is a two dimensional quadrilateral one shown in Fig. 1
which possesses the two in-plane displacements and the nonlocal
volume fraction of martensite as nodal degrees of freedom. Linear
polynomial shape functions are adopted leading to the following
equations:
~u n;gð Þ ¼ Nu½  uf g and ~wu n;gð Þ ¼ Nu½  wuf g ð16Þ
and
f n;gð Þ ¼ Nf
h i
f
n o
and wf n;gð Þ ¼ Nf
h i
wf
n o
; ð17Þ
where n;gð Þ are the isoparametric coordinates of a given point in
the reference element, Fig. 1. uN
 
; f
n o 

and Nu½ ; Nf
h i 

are,
respectively, nodal vectors and interpolation matrices deﬁned as:
uf g ¼ u1 v1 u2 v2 u3 v3 u4 v4 T and
f
n o
¼ f 1 f 2 f 3 f 4
 T ð18Þ
and
Nu½  ¼
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4
" #
;
Nf
h i
¼ N1 N2 N3 N4½ 
N1 ¼ 1 nð Þ 1 gð Þ4 ; N2 ¼
1þ nð Þ 1 gð Þ
4
;
N3 ¼ 1þ nð Þ 1þ gð Þ4 ; N4 ¼
1 nð Þ 1þ gð Þ
4
ð19Þ
The strain tensor E and the gradient vector of the nonlocal martens-
ite volume fraction, r!f , and their corresponding virtual quantities
are then determined from the derivatives of shape functions
Niði ¼ 1 to 4Þ with respect to n and g. This leads to the following
expressions (The details of matrices Bu½  and Bf
h i
are given in Duval
et al. (2011)):Fig. 1. Adopted quadrilateral element with three degrees of freedom per node
(Duval et al., 2011).
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Exx
Eyy
2Exy
8><
>:
9>=
>; ¼ Bu½  uf g and r!f
n o
¼ f ;x
f ;y
( )
¼ Bf
h i
f
n o
:
ð20Þ
Combining Eqs. (14)–(17) and (20) gives the following ﬁnal expres-
sion of integral equations to be solved numerically by an iterative
scheme using the Newton–Raphson method as:R
Xe
Bu½ T R u;f
 
n o
dXRCRe Nu½ T Timposedn odC¼0R
Xe
Nf
h iT
Nf
h i
þ‘2 Bf
h iT
Bf
h i 
dX
 
f
n o
RXe Nfh iT f u;f 
dX¼0;
8><
>:
ð21Þ
where Xe is the ﬁnite element volume and C
R
e its boundary surface.
The corresponding linearized form of Eq. (21) requires the determi-
nation of the following tangent operators derived from the nonlocal
behavior model highlighted in Section 3:
Huu ¼ @R
@E
; Huf ¼ @R
@f
; Hfu ¼ @f
@E
; Hff ¼ @f
@f
ð22Þ
The numerical resolution of Eq. (21) is carried out in the ﬁnite ele-
ment code Abaqus using the user’s subroutine UEL as per the algo-
rithm outlined in Fig. 2. This subroutine determines the updated
values, at the end of the increment for stress, internal variables,
tangents operators (Eq. (22)), residual forces (Eq. (21)) and their
derivative with respect to degrees of freedom. The integrals are
calculated using the Gauss’s method. The developed special ﬁnite
element is to be employed for the numerical simulation of the
response of thin SMA structures, under thermo-mechanical load-
ings, bringing out the effect of phase transformation localization.
Some numerical results are detailed and discussed in the next section.
5. Finite element simulation of the response of SMA thin
structures with defects under thermomechanical loadings
The thin SMA structure considered here is a square NiTi plate
having a heterogeneity (defect) like centrally located circular hole
or softer inclusion, Fig. 3. Table 2 gives the identiﬁed material
parameters for the chosen NiTi SMA. The softer behavior of the
inclusion results in increasing the initial value of the martensite
start temperature for elements inside the material defect
(MS ¼ 60 C instead of MS ¼ 80 C) that corresponds to a lower
value for the transformation yield force. The ﬁnite element analysisFig. 2. Schematic view of the numerical resolutionuses two continuum and linear plane stress elements. The ﬁrst is
the CPS4 standard element of Abaqus in the case of the local
modeling, whereas the other one is the special ﬁnite element based
on the nonlocal modeling, detailed in this paper. The assumed
thermo-mechanical loading starts with applying a tensile stress
of 300 MPa. This applied stress is maintained constant during the
application of a cooling starting from a temperature higher than
Af to a temperature lower thanMf followed by a heating to the ini-
tial temperature as depicted in Fig. 4. Due to the symmetry of
geometry and loading, the quarter plate is only modeled, Fig. 3.
Further, applying additional boundary conditions ensures the mod-
el satisfying the symmetry conditions. Fig. 5(a) and (b) show the
geometry and the mesh of the studied thin structure in both cases
(material and geometrical defects) and the corresponding bound-
ary conditions. A convergence study is carried out based on pro-
gressive mesh reﬁnement and the optimal number of elements
required for material defect problem considered here is to be 490
whereas, for the geometrical defect case, it is between 338 and
389 depending on the radius value, with a reﬁned mesh around
the defect and a coarse one away.6. Numerical results and discussion
This section gives some numerical results to demonstrate the
efﬁcacy of the present nonlocal ﬁnite element to accurately
describe the localization of phase transformation in SMA thin
structures under thermo-mechanical loadings. Before proceeding
for the detailed investigation, the formulation developed here is
validated considering problems for which solutions are available.
Next, the effects of phase transformation localization induced by
material or geometrical defects on the response of an SMA thin
structure are investigated considering a uniform thermal loading
(cooling - heating) under constant stress.6.1. Finite element analysis with local SMA behavior law
Results presented in this section are obtained by employing the
standard element CPS4 of Abaqus in conjunction with the user
subroutine UMAT corresponding to the two dimensional local
SMA behavior model dealt in Section 2. It also corresponds to the
nonlocal model with ðl ¼ 0Þ and ðHf ¼ 0Þ.
Fig. 6 shows the distribution of the volume fraction of martens-
ite in the thin plate containing a hole and subjected to thermo-
mechanical loading as described in Section 5. The transformationalgorithm implemented in the UEL subroutine.
Fig. 3. Studied plate with circular geometrical or material defect.
Table 2
Model parameters for ﬁnite element simulations.
Y (MPa) m a (C1) esattraction e
sat
compression B(MPa/C)
39500 0:3 8:106 0:056 0:044 0:235
Ms(C) Af (C) Fe
T
yield(MPa) Hf (MPa) He(MPa) Hf
80 2 100 4 1635 1
Fig. 4. Thermomechanical applied loading.
Fig. 5. Mesh and boundary conditions for the analyzed SMA thin structures.
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and propagates in an inclined band with respect to the applied
stress direction. This modeling shows a diffused phase transforma-
tion state without predicting any localization. By continuously
decreasing temperature, the martensitic area increases and thusmaking the aforementioned band larger till saturation. During
the heating process, all the martensite is recovered because of
the present model neglecting the eventual presence of residual
strain related to retained martensite or plastic behavior. Fig. 6
brings out also that the global induced strain is much lower than
the local strain in elements E1 and E2. This is explained by the
decreasing of martensite quantity (in particular the stress-oriented
part) away from the stress concentration area.
Fig. 7 highlights the evolution of the global strain and the local
one for elements E1 and E2 (Fig. 5) versus the applied temperature.
It depicts the classical characteristics of SMA behavior during a
cooling-heating process under constant tension stress such as the
transformation saturation and, in particular, hysteresis effects in
particular. The element E1, subjected to a higher stress concentra-
tion than the element E2, deforms with a higher level of maximum
strain even though for a given cooling or heating temperature, both
elements have the volume fraction of martensite in the same order
as seen in Fig. 8. It is observed that the increase in the applied local
stress value increases the stress-oriented martensite part and con-
sequently, increases the induced transformation strain (no induced
transformation strain by self-accommodated martensite). Further-
more, it is inferred from Fig. 7 that the global induced strain is
Fig. 6. Distribution of the volume fraction of martensite for different values of hole
radius using a local approach.
Fig. 7. Evolution of the global strain and the local one for elements E1 and E2 (Fig. 5)
versus temperature using a local approach (geometrical local defect radius equal to
10 mm).
Fig. 8. Evolution of the volume fraction of martensite versus temperature for
elements E1 and E2 (Fig. 5) using a local approach (geometrical local defect radius
equal to 10 mm).
Fig. 9. Distribution of the nonlocal volume fraction of martensite for different
values of the internal length, l and for applied stress of r ¼ 300 MPa (case of
material defect with a radius of 10 mm).
K.M. Armattoe et al. / International Journal of Solids and Structures 51 (2014) 1208–1220 1215much lower than the local strain in elements E1 and E2. This is due
to the decrease in quantity of martensite (in particular the stress-
oriented part) away from the stress concentration area. These
strain-temperature curves correspond to a classical diffused trans-
formation. While the effects of the phase transformation localiza-
tion can not be reproduced by such a model, one has to adopt a
nonlocal approach and such results are presented in the next
section.
6.2. Finite element analysis with the nonlocal SMA behavior law
This section deals with two sets of results obtained here. The
ﬁrst set of results is about transformation localization induced bya material defect whereas the second one concerns localization
with a geometrical defect.
6.2.1. SMA thin structure with a material defect
Fig. 9 shows the distribution of the nonlocal volume fraction of
martensite over the plate with a material defect. This defect is over
Fig. 11. Evolution of the nonlocal volume fraction of martensite in the element E1
(Fig. 5) for different values of the internal length, l (case of material defect with a
radius of 10 mm).
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the remaining domain of the plate. The distribution of the nonlocal
volume fraction is given for different values of the internal length l.
During the cooling process, the phase transformation is initiated in
the circular area representing the defect and then it propagates in
the remaining domain of the plate. For l ¼ 0:1 mm, this phase
transformation propagation initially starts in two diagonal bands
and then covers all the plate at the end of cooling wherein the
transformation reaches saturation level. For l ¼ 1 mm, the transfor-
mation band becomes larger limiting the localization effect. For
l ¼ 10 mm, the transformation occurs in a diffused way and the
two localization bands completely disappear. It can be opined from
these results that the size of the interaction domain embedding the
concerned material point, whose size is controlled by the value of
the internal length l, plays an important role in reducing or ampli-
fying the localization effect of phase transformation in the plate.
Fig. 10 quantitatively illustrates the inﬂuences of the such interac-
tion domain size. It shows a very low variation of the nonlocal
volume fraction of martensite along the AB line (Fig. 5) for
l ¼ 10 mm. However, this nonlocal volume fraction of martensite
signiﬁcantly increases in the stress concentration area for
l ¼ 0:1 mm and l ¼ 1 mm. Furthermore, it is noticed that the effect
of the interaction domain is completely weakened in the area close
to the boundary of the material defect. See for instance, Fig. 11
shows that the evolution of the nonlocal volume fraction of mar-
tensite with applied temperature is insensitive to the interaction
domain size (l).6.2.2. SMA thin structure with a geometrical defect
In this section, the presence of phase transformation localiza-
tion due to geometrical defect is outlined. The study here corre-
sponds to a hole inducing a stress concentration around its edge.
It is generally known that the decrease in the value of radius of
hole results in increasing the intensity of the stress concentration
value. Fig. 12 shows the nonlocal volume fraction of martensite
distribution for different values of the geometrical defect radius.
It is observed from this ﬁgure that the inclined localized transfor-
mation band starts from the hole edge and propagates in the diag-
onal direction (for symmetry reason, only half of one band isFig. 10. Evolution of the nonlocal volume fraction of martensite following the line
AB (Fig. 5) for different values of the internal length, l (case of material defect with a
radius of 10 mm).
Fig. 12. Distribution of the nonlocal volume fraction of martensite, during cooling,
for different values of geometrical defect radius (l ¼ 1 mm).shown). The bigger the defect size exhibits the larger the localiza-
tion band and vice versa. Fig. 13 highlights that the increase in the
internal length value (l) reduces the localization and makes the
transformation more diffuse. It may be concluded from all cases
dealt here, the phase transformation band grows during the cool-
ing process until covering practically the entire plate, and thus
leading to saturation level of transformation. The temperature
Fig. 13. Distribution of the nonlocal volume fraction of martensite for different
values of l and geometrical defect radius for T ¼ 15 C.
Fig. 15. Evolution of the nonlocal volume fraction of martensite following the line
AB (Fig. 5) for different values of the geometrical defect radius (l ¼ 0:1 mm and
applied cooling temperature T ¼ 15 C).
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for small defect size or for large internal length values.
Figs. 14–16 show the evolution along the line AB (Fig. 5) of the
nonlocal volume fraction of martensite for various values of the
geometrical defect radius and interaction domain size at an applied
temperature of 15 C during cooling. This nonlocal volume frac-
tion of martensite is highly sensitive to these two parameters. In
addition, as previously mentioned, for higher values of l or geomet-
rical defect radius, the phase transformation occurs in a diffused
way without any localization. Fig. 14 shows that, for a given defect
size, the increasing of the interaction domain size decreases the
maximum value of the nonlocal volume fraction of martensiteFig. 14. Evolution of the nonlocal volume fraction of martensite following the line
AB (Fig. 5) for different values of the internal length, l for a geometrical defect radius
of 10 mm and an applied temperature during cooling of 15 C.and weakens its gradient leading to a ﬂatter curve for l ¼ 10 mm.
It may be conﬁrmed from Figs. 15 and 16 that the general charac-
teristics are similar with respect to various defect sizes, irrespec-
tive of internal length parameter. It is further inferred from these
ﬁgures that the maximum value of nonlocal volume fraction of
martensite increases with increase in defect size. This is possibly
due to the induced decrease in the distance between the line AB
and the border of the geometrical defect making this line more
affected by the stress concentration for a radius of 10 mm than
of 5 mm.
Figs. 17 and 18 depict the evolution of the nonlocal volume frac-
tion of martensite with respect to temperature, respectively, in the
elements E1 and E2 (Fig. 5). It appears in these ﬁgures that the
increase of the interaction domain size locally decreases the quantityFig. 16. Evolution of the nonlocal volume fraction of martensite following the line
AB (Fig. 5) for different values of the geometrical defect radius (l ¼ 10 mm and
applied cooling temperature T ¼ 15 C).
Fig. 17. Evolution of the nonlocal volume fraction of martensite in the element E1
(Fig. 5) for different values of the internal length, l (Geometrical defect radius equal
to 10 mm).
Fig. 18. Evolution of the nonlocal volume fraction of martensite in the element E2
(Fig. 5) for different values of the internal length, l (Geometrical defect radius equal
to 10 mm).
Fig. 19. Evolution of strain versus stress and temperature for the whole plate and
the elements E1 and E2 (Fig. 5) (Geometrical defect radius equal to 10 mm and
l ¼ 0:1 mm).
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change in behavior is the consequence of the localization weaken-
ing governed by the interaction domain size (l). Fig. 19 depicts the
evolution of strain versus stress and temperature for the complete
plate and locally for the elements E1 and E2 (Fig. 5) for l ¼ 0:1 mm
and for a geometrical defect radius equal to 10 mm. It appears that,
even if the applied stress is constant, the local stress in these ele-
ments is inﬂuenced by the transformation process and the interac-
tion domain size. However, the speciﬁc features of the localization
seen in superelasticity (jump and drop of the nucleation stress,
respectively, for forward and reverse transformation and propaga-
tion process at a quasi-constant stress) are not observed for the
shape memory effect.
In summary, the results demonstrate the efﬁcacy of the ﬁnite
element model developed here based on nonlocal formulation inaccurately predicting the thermo-mechanical response of thin
structures subjected to complex thermo-mechanical loadings.
7. Conclusion
In the present work, the inﬂuence of phase transformation
localization on the thermo-mechanical response of thin SMA struc-
tures subjected to uniform thermal loading under a constant stress
is analyzed based on a nonlocal formulation coupled with ﬁnite
element method. The nonlocal formulation is based on the exten-
sion of a local SMA constitutive model and also introducing the
implicit gradient method. The various numerical results, discussed
here, demonstrate the suitability of the proposed nonlocal
approach for the chosen class of problems and, in particular,
considering the inﬂuence of material and geometrical defects.
The size of the interaction domain, embedding the given material
point is characterized by the internal length parameter. While
dealing with the localization and propagation of phase transforma-
tion on the response of SMAs thin structures, it was shown that the
effect of the localization of phase transformation on the global
behavior of SMA thin structures can be ampliﬁed or attenuated
by changing the value of the internal length parameter.
Also, it was brought out from the simulations the inﬂuence of
material defects, geometrical defects and the size of the interaction
zone on the localization of phase transformation and its propaga-
tion. In particular, it was inferred that the increase in the radius
of geometrical defect reduces the temperature of saturation of
the transformation and the maximum volume fraction of martens-
ite attained at the end of it. Furthermore, an increase of the
interaction zone increases the temperature of saturation and the
hysteresis of the transformation during cooling/heating cycle,
and reduces the maximum value of martensite volume fraction
at the end of transformation.
The extension of this work is being considered to take into
account the effect of latent heat and the application of this approach
to anon-uniformand transient thermal environment by introducing
the temperature variable as an additional degree of freedom and the
solving of the fully coupled thermo-mechanical formulation.
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